9(-)

10.5 f Continuous Random Variables: SISO

Reconsider the derived random variable Y = g(X).

2 2
X—-)Iﬁt-)h\’:ﬁ@() Ex. Y=X 9L-) = ()

Recall that we can find EY easily by (22)): Y = 4| x-1-5]
jL )= "r\ - -1.5]

EY = E [g(X)] = / o() fx (2)de

However, there are cases when we have to evaluate probability
directly involving the random variable Y or find fy(y) directly.

Recall that for discrete random variables, it is easy to find py (y)
by adding all px(z) over all z such that g(x) = y:

pr(y)= > px(@) (23)
z:g(x)=y

For continuous random variables, it turns out that we can’{™ sim-
ply integrate the pdf of X to get the pdf of Y.

10.61. For Y = ¢g(X), if you want to find fy(y), the following
two-step procedure will always work and is easy to remember:

(a) Find the cdf Fy(y) = P[Y <yl
(b) Compute the pdf from the cdf by “finding the derivative”

fr(y) = d%Fy(y) (as described in [10.13)).

M e
10.62. Liné[-ar Transformation: Suppose ¥ =aX 4 0. Then,

the cdf of Y is given by
X< oo0)

e

OF (1) = PIY <) = PlaX +5 <4 = —

@‘I IS
>

Now, by definition, we know that

Plxsy_b] =Fx<y_b>,
a a

45When you applied Equation to continuous random variables, what you would get is
0 = 0, which is true but not interesting nor useful.
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and

Finally, fundamental theorem of calculus and chain rule gives
_EfX (yT_b> , a < 0.

Y= 1
Note that we can further simplify the final formula by usir%lﬁ,‘L Lo
| - | function: Y=aX+h Aw =~ 3503

1 Yy — b Y= -5%+2
) =t (22) a0 (21)
Ao ‘H‘)/;( =)
Graphically, to get the plots of fy, we compress fx horizontally
by a factor of a, scale it vertically by a factor of 1/|a|, and shift it
to the right by b.
Of course, if a = 0, then we get the uninteresting degenerated

)

random variable Y = b. <5 L.o
Example 10.63. (y)-
FYL)O=P[Y ¢y] =P[5Xx 4y] /xt4)=z>m_’ _
x5 5 (3) e e e K ey
7{,{,,) =j-L- ETL;:) - ;cL Fx(.%) i ‘?5'>\ e 5; '5 >o
4 N4 ) otrerwise

~Sy
%6 ) )/)O/
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10.64. Suppose@ml(é— aX +0b tor some constants
a and b. Then, we can use (24) to show that Y ~ N am—+b
|
_l_-, — ex ( 6 )
Lot AUZ) = o
h | & T

—'Y—(L)l-am

Ce

Example 10.65. Amplitude modulation in certain communica-
tion systems can be accomplished using various nonlinear devices

such as a semiconductor diode. _Suppose we model the nonlinear Y 7=
device by the functio 1@ If the input X is a continuous

random variable, find the ensity of the output ¥ = X?2. - -
<o
L /‘:L)') =0 {4, ¥ <0
<y =R (5) ~Fl-/>) )
= A 7[ (f_ ¥ ) %
(16'( AGIRTS 7),)'

oTurwise,

|5t <l-2 =] "]
7‘;‘ (y‘}) A 7{ {_7&) } pl)

=¥ KR
_i%y RAYD) y>e
. .

o, ¥ <D




Yz aX+b
Y P[)’ £Y¢ y*d}ﬂ 2P[ o« ¢ X & ot+ A ]

aXth 7(,(7)’4/‘../1.;,,4 <)

yrAy 1o -~ - -
V4 T mem—— ]
/:( / ty) = /w 1a«) - 7/‘{-0 " —_
r"_: » X lA)’l Islofz atr ar.‘
an
A(E) - L
/l The :orn;fundi-\g < 7{:‘. q) '“I

‘Fma./is

xs y-b
-3

Ex. Y= XL = Here, 3(&)';“1‘ @Fi.-.d voot(sy ot y=2

=X = i/_ & Yo fob-\'-‘ whe >0,
©) Find sloped): 4 7

3’(&) = ..é. ac": 2. @ {rtyJ = ’{‘L_G. ) + 7{‘.(‘_-/;) B ¥ >o
de )2 73] |2 (-1 ’
o] 2 Yy LO.
- X o
Ex. Y=¢ = Heve, ALx) = &

ASSU\MC. X ~ %( __1_12) La) Suppee we worY +o .‘_\:,\J /(1).

L (D Eind root: 1o get =1, need
X =0,
?__ ' /(x) @F:-\A S‘Ofvc - 3’{«:) :.e. == s\ore = & =1
— 4 A (o 1
~2 2 x @ 7(r[1)= = ) = —_/‘l- = 41
1 1 T
(b Suppore we went to Find ;ﬁ(-o, (D Find root: -1:° = No x
satunuTied
Tke,.re‘rof¢’ ,[T l._") = O s .
() Soppoe we went to -Flnc] 7/\.{(100). @ Ead root(s): 11::«!>=e—Jt
< = x:ﬁv“‘w)
@Finc\ c]orcu) : 43(49 -e. = altac) = . N

O becouwe 4.6 € (-2,2)

@ (100) %)

f-u..
|




Goal : Givew 7{:(.:.) , svppese Y
Di‘scvb{'&
o5, xeo
Pelo) = 4025 x=1,-1,
o, ohetrivide -
o.sio-‘; XY
I T = o7
| l 1
Let Y= x"  Fi.d Py (10
L p[y=1]

Y =
\\4//)““
T T

plved = rlx=r] + plx= 1]

= Px (0 * ful=1)

=0.23 +0.23 = 0.5 = p (1)

=% Find ,ﬁ(),)‘

Cﬂuﬂ'l';nuo Vs

0.5
Jf;(&).—.
] > ¢
‘fxlr\xji =1
Plx=0] =0

Plx=-1=0
plx=1]=0

Find pl=1] ="

= X"

Let

Wwent to fiad /:((4).

L% €Y6nT = [a ¢xen] v tlagxem)

~
-~

A Wyem) = AL|(meol+ £(n](x s

/\’“J = 7{!“) N 7[! (-1

Y~V \Y;‘Yi
F Pl X 'C."'“:

_ A A -0
I“"l" @ 1) lslqe @-—1]



L 102 %<0

- - - —--...5---....._-.---..' 3(&1 7[Lat)=
i
_i' + . ! N :Tﬁ \/20
-10 -5 > 10 ——p— i —d > a2
-0 10
(a) F‘iﬂ& 7/{,(2-)-

@F‘”‘A roo¥s) of 3[:5):2_ = s =k3 xR

3(;:

)ﬁ'l"”) \3('3)1 ]D’n:] ]5’[?)\ | - 11 |- )9

() Find Ay L0,

Find vestp) of quu=1 = < =1 I6
L = L9 AL, Alv | Ao
Y +—

|§1-)) | gt-n] |9tw) | ge)
1-1) 1) TR Y TR Y x
(C) Repeatr (o) ond (b)) bor use X~ &(1). 7{({&) = -

o o o, otherwise
(® ){r(’.):%)+;f_é) +f>¢’f’+7{x_‘f’ :9-3‘-5-;
l9't- ?)L \‘;)’['3)L ]D't-s:] \57 2.\ 1-‘1 19
() 7{1.(1)=’§'_k.4) ,,é,__ﬁ) *é:) +é;f_’ :_'—:-.;.~+_&___xo.b:.o3
lgt-e)) | gt-0] l9to) | gte) ?




Exercise 10.67 (F2011). Suppose X is uniformly distributed on
the interval (1,2). (X ~4(1,2).) Let Y = .

(a) Find fy(y).
(b) Find EY.
Exercise 10.68 (F2011). Consider the function

r, x>0
g(x) = —z, z <0.

Suppose Y = ¢g(X), where X ~ U(—2,2).

Remark: The function g operates like a full-wave rectifier in
that if a positive input voltage X is applied, the output is Y = X,
while if a negative input voltage X is applied, the output is ¥ =
—-X.

(a) Find EY.
(b) Plot the cdf of Y.
(¢) Find the pdf of Y
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Discrete Continuous
P[X € B = %}Bpx(:v) ]_j;fx(x)dm
P X =x]= px(x) =F(x) — F(x7) 0
X _ pX
P - p | PN =P ()
Interval mrol, P¥([a,b]) = F (b) — F (a7) = P” ([a,0)) = P~ ((a,)))
nterval prob. X g g b
P (b)) =F7) = Fa) :/f (x)dz = F(b) — F(a)
PX ((a,b)) =F (b7) - F (a) / X
+o0
EX = > apx(x) 7] xfx(z)dz
_ 4 X) <
fry) = & [9(X) <]
Alternatively,
0= 2 igtar
zj, are the real-valued roots
) of the equation y = g(x).
For Y = ¢g(X),
P [Y c B] — x:g(zm;EBpX(x) (w9()EE) fx(ﬂj)d$
+oo
E[g(X)] = > g(z)px(z) J 9(@) fx(z)dx
E[X?] = ST 2?px () 7mx2fx($)d$
Var X — S (2 — EX)px (2) T —EX)? fy(0)dn

Table 5: Important Formulas for Discrete and Continuous Random Variables
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